Abstract-This paper introduces a novel numerical carbon nanotube transistor (CNT) modelling approach which brings in a flexible and efficient cubic spline non-linear approximation of the non-equilibrium mobile charge density. The spline algorithm creates a rapid and accurate solution of the numerical relationship between the charge density and the self-consistent voltage, which leads to the speed-up of deriving the current through the channel without losing much accuracy. This modelling method also allows the flexibility of choosing different cubic spline intervals which may affect the performance of the model, but it is still capable of obtaining an acceleration of more than a 100 times while maintaining the accuracy within less than 1.5% normalised RMS error compared with previous reported theoretical modelling approach. The model has been proved working as transistors in a logic inverter implemented using VHDL-AMS and simulated in SystemVision, which shows the availability of implementing a circuit-level simulators with our proposed model. Additionally, although this model is originally based on the ideal ballistic transport characteristics, it shows good flexibility that the extension with numbers of non-ballistic features are certainly acceptable.
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I. INTRODUCTION
Transistors using carbon nanotubes (CNTs) are expected to become the basis of next generation integrated circuits (ICs) [1] , [2] . These expectations are motivated by the growing difficulties in overcoming physical limits of silicon-based transistors fabricated using current technologies. A number of theoretical models have been created to describe the interplay between different physical effects within the nanotube channel and their effect on the performance of the device [3] , [4] , [5] , [6] , [7] , [8] . The standard methodology of modelling CNTs is to derive the channel current from the non-equilibrium mobile charge injected in the channel when voltages are applied on the terminals of the transistor [1] . However, a common problem these models are facing is the complexity of calculating the Fermi-Dirac integral and non-linear algebraic equations which express the relationships between charge densities and the current. Moreover, the channel current between the source and drain is affected not only by the non-equilibrium mobile charge in the nanotube but also by the charges present at terminal capacitances thus adding to the complexity of the current calculation which is a time-consuming iterative approaches. Recently, the standard theoretical methodology has been improved by approaches where the slow NewtonRaphson iterations and the numerical evaluation of the FermiDirac integral are replaced by numerical approximations while still maintaining good performance compared with theories [6] , [9] . These new techniques suggest piece-wise approximation of charge densities, either linear [6] or non-linear [9] to simplify the numerical calculation. However, while both these approaches accelerate current calculations significantly, they are not flexible enough to allow the user to control the trade-offs between the modelling accuracy and implementation speed. In this paper we generalise our earlier piece-wise nonlinear approach [9] and propose a cubic spline piece-wise approximation of the non-equilibrium mobile charge density and develop a very accurate technique where a an accuracy better than 1.5% in terms of average RMS error can be achieved with just a 5-piece spline, which compares favourably with the 5% obtained by the simple non-linear approximation [9] . The spline-based approach still achieves a speed up of around two orders of magnitude compared with a reported theoretical model [10] and allows an easy trade-off between accuracy and speed. The spline approximation is not only capable of describing performance of ideal ballistic CNT models, but also extendable with non-ballistic effects. The model has been implemented and tested in Matlab and VHDL-AMS. As an example, we show how our VHDL-AMS model can be used to simulate a CMOS-like inverter made of two complementary CNTs. This illustrates the feasibility of using this novel model in circuit-level simulators for future logic circuit analysis.
II. MOBILE CHARGE DENSITY AND SELF-CONSISTENT

VOLTAGE
When an electric field is applied between the drain and the source of a CNT, a non-equilibrium mobile charge is generated in the carbon nanotube channel. It can be described as follows [1] , [11] , [12] :
where N S is the density positive velocity states filled by the source, N D is the density of negative velocity states filled by the drain and N 0 is the equilibrium electron density. These densities are determined by the Fermi-Dirac probability distribution:
where D(E) is the density of states, f is the Fermi probability distribution, E represents the energy levels per nanotube unit length, and U SF and U DF are defined as
where E F is the Fermi level, q is the electronic charge and V SC represents the self-consistent voltage [1] whose presence in these equations illustrates that the CNT energy band is affected by external terminal voltages. The self-consistent voltage V SC is determined by the device terminal voltages and charges at terminal capacitances by the following non-linear algebraic equation [1] , [6] :
where Q t represents the charge stored in terminal capacitances and is defined as
where C G , C D , C S are the gate, drain, and source capacitances respectively and the total terminal capacitance C Σ can be derived by
III. NUMERICAL PIECE-WISE APPROXIMATION OF THE CHARGE DENSITY
The standard approach to the solution of equation (7) is to use the Newton-Raphson iterative method and in each iteration evaluate the integrals in equations (3) and (4) to obtain the state densities N D and N S . This approach has been proved effective in CNT transistor modelling [6] , [10] , however, the iterative computation and repeated integrations consume immense CPU resources and thus are unsuitable for circuit simulation [9] .
Our earlier work [9] proposed a piece-wise non-linear approximation technique that eliminates the need for these complex calculations. It suggested to calculate the charge densities and self-consistent voltage by dividing the continuous density function into a number of linear and non-linear pieces which together compose a fitting approximation of the original charge density curve. Then the V SC equation 7 is simplified to a group of linear, quadratic and cubic equations, which can be solved easily and fast.
However, although this approach has been shown to be efficient and accurate [9] , its weakness is that it requires an optimal fitting process when deciding on the number of approximation pieces and intervals of the ranges, which makes the model inflexible and akward to use. Here we propose to use a cubic spline piece-wise approximation to overcome these difficulties.
For a set of n + 1 (n ≥ 2) discrete points (x 0 , y 0 ), (x 1 , y 1 ), ..., (x i+1 , y i+1 ) (i = 0, 1, ..., n − 1), cubic splines can be constructed as follows [13] :
where A,B,C and D are the coefficients for each pieces of the cubic spline. For simple demonstration here, the horizontal interval between every two neighbour points is equal to h, then we have
Therefore, the cubic spline coefficients can be expressed as functions of x:
These equations show that A and B are linearly dependent on x, while C and D are cubic functions of x. To derive the y(x) expression, the second-order derivative of y have to be computed via a tridiagonal matrix:
Now that the cubic spline coefficients and the second derivative have been obtained, the function of each spline can be derived with the coefficients a i , b i , c i and d i calculated by using equations (11), (12), (13), (14) and (15):
The two linear regions that extend the cubic splines on both sides can be described as follows:
where a l =ÿ 0 = 3a 0 x 
IV. PERFORMANCE OF A MODEL USING NUMERICAL
APPROXIMATIONS
An example model which uses three cubic splines, n = 3, and two linear pieces at the ends was compared with the theoretical curves calculated from equations (3) and (4) To solve the resulting 3rd order polynomial equations, Cardano's method [14] is applied to determine the appropriate root which represents the correct value of V SC .
According to the ballistic CNT transport theory [1] , [10] the drain current caused by the transport of the non-equilibrium charge across the nanotube can be calculated using the FermiDirac statistics as follows:
where F 0 represents the Fermi-Dirac integral of order 0, k is Boltzmann's constant, T is the temperature and is reduced Planck's constant.
Since the self-consistent voltage V SC is directly obtained from the spline model, the evaluation of the drain current poses no numerical difficulty as energy levels U SF , U DF can be found quickly from equations 5,6 and I DS can be calculated using:
These calculations are direct and therefore considerably fast, as there are no Newton-Raphson iterations or integrations of the Fermi-Dirac probability distribution. For performance comparison, we have also tried a 4-piece cubic spline approximation (with n = 4) which is expected to be more accurate but slower than the first model. Table I shows the average CPU times for both models and those from FETToy [10] and previously reported piece-wise models [9] , while Table II compares the accuracy of both numerical model types. It can be seen from Tables I and II that although the spline models sacrifice some speed compared with the simple piece-wise non-linear models [9] , they are still more than two orders of magnitude faster than FETToy. They also achieve a much better accuracy than the simple piece-wise non-linear models. The extent to which the modelling accuracy was compromised by numerical approximation was measured by calculating average RMS errors in the simulations and the results are shown in Table II . As expected, the spline models are more accurate with errors not exceeding 1.0% at T = 300K and E F = −0.32eV throughout the typical ranges of drain voltages V DS and gate bias V G . Figure 2 shows the I DS characteristics calculated by FETToy compared with the 3-piece spline model. The performance of this approach can be affected by the values of E F , T , d and terminal voltages. The choice of the number of cubic spline approximation pieces is an obvious trade-off between speed and accuracy as slightly more operations need to be performed with more pieces while the shape of the mobile charge curve is reflected more accurately.
V. VHDL-AMS IMPLEMENTATION
The proposed approach has been used to implement both n-type-like and p-type-like CNT transistor models in VHDL-AMS and to simulate a CMOS-like inverter shown in Figure  4 . The bulk voltage was also considered to take into account the effects on the charge densities generated by the substrate voltage. This is especially important for the p-type-like transistor. Figure 3 shows I DS characteristics of the n-type-like transistor implemented in VHDL-AMS which match closely the MATLAB calculations shown in figure 2 .
The VHDL-AMS testbench for the inverter invokes the two transistors as well as a ramp voltage source and a constant voltage source. The constant source provides the supply voltage V CC for the gate, while the ramp source was used to produce the output characteristic of the inverter. The simulation result is shown in figure 5 . Considering that the transport characteristics of both transistors are not the same, it is worth noting that the inverter output is not symmetrical wrt n V CC /2 due to the stronger n-type-like transistor. The VHDL-AMS code of the testbench and transistor models is shown below. ------------------------------------------------------- ----Description --This is a fast numerical model of ballistic transport --in carbon nanotube transistors. The default value of --the Ef_i parameter (Fermi level) produces ntype-like --behaviour; a ptype-like transistor can be obtained --by modifying the Fermi level.
----Package cntcurrent provides the spline data and the --body of function Fcnt which calculates current Ids --from the splines. 
VI. CONCLUSION
This paper proposes to use and investigates the numerical performance of cubic splines in numerical calculations of CNT ballistic transport current with the aim to provide a practical and numerically efficient model for implementation in SPICElike circuit simulators. The cubic spline approximation is more flexible and easier to use than our earlier models [6] , [9] and the presented results further reinforce the suggestions that numerical integrations and internal Newton-Raphson iterations can be avoided in the calculation of the self-consistent voltage in the CNT. The cubic spline parameters assure the continuity of the first derivative everywhere and were optimised for fitting accuracy. When compared with FETToy [10] , a reference theoretical CNT model, we have demonstrated that the proposed approximation approach, although marginally slower than our earlier models, still leads to a computational cost saving of more than two orders of magnitude while increasing the modelling accuracy. To verify the feasibility of the proposed model, VHDL-AMS implementations for both n-type-like and p-type-like transistors were derived and used to calculate their I DS characteristics as well the output characteristic a simple logic inverter using the SystemVision simulator from Mentor Graphics. The results matched closely those from MATLAB simulations. The new VHDL-AMS model is now available on the Southampton VHDL-AMS Validation Suite website [15] for public use.
VII. ACKNOWLEDGEMENT
This project was funded in part by the EPSRC (UK) grant EP/E035965/1.
